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Introduction 
In the following chapters we examine some problems of the differential 
geometry of a sixfold group in three-dimensional space. This geometry 
is completely self-dual and the absolutum consists of a plane with an 
invariant line in it and an invariant point on this line. (The absolutum 
of the isotropic space, introduced by K. STRUBECKER 1), consists of 
two intersecting lines). 
In the first chapter we shall see that the metric of this geometry is 
relatively simple, though sometimes we have to introduce distances 
and angles of higher order. In chapter II we examine the twisted curves 
and it appears that these curves are determined but for a motion by two 
functions, which we may call curvature and torsion. The Frenet formulas 
are now very simple. In chapter III the surface theory is given with use 
of a so called "characteristic function", which determines a surface 
except for a motion. Results, analogous with the Gauss formulas, the 
theorem of Meusnier and the Dupin indicatrix, are obtained. 
The geometry under consideration shows much resemblance with the 
euclidean geometry. In general, it is simpler, but there are more particular 
cases and therefore more "singular points" have to be excepted. 
I. THE GEOMETRY OF THE GROUP OF TRANSFORMATIONS 
§ 1. The group of transformations 
In a projective three-dimensional space we use xv x2, x3, x4 as homo-
geneous point coordinates. We consider the geometry belonging to the 
following sixfold group of projective transformations: 
~1 =X1 +ax2 +bx3 +cx4 } 
x2 = x2 +dx3 +ex4 ..... . T 
xa= Xa+fx4 
x4= x4 
These transformations form indeed a group. The absolutum consists 
1 ) Differentialgeometrie des isotropen Raumes I, II, III, Sitzber. Akad. Wiss. 
Wien, Abt. II"', 150 (1941), Math. Zeitschr. 47 (1942) und 48 (1942). 
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of the plane x4=0, the line x3 =x4=0 and the point (1,0,0,0). The 
geometry is completely self-dual. So the results of the following chapters 
may be dualized. 
§ 2. Inhomogeneous coordinates 
As usual in affine geometry, we call the invariant plane x4 = 0 the plane 
at infinity. For the points which do not lie in that plane, we take x4 = l. 
Then each transformation of such points may be written as 
~1 =x1 +ax2+bx3 +c ]· 
x2 = x2 +dx3 +e 
Xa= xa+ f 
This transformation is obtained by making use of the homogeneous 
affine transformation 
y1 =x1 +ax2 +bx3 ] 
Ya= xa+dxa ' 
Ya= Xa 
followed by the translation 
~1=Y1+c l 
Xa=Ya+e · 
Xa=Ya+ f 
Introducing the concept "parallelism", the homogeneous transformations 
have the properties: 
1° the x1-axis is invariant, point by point; 
2° a point in the plane x3 = 0 moves parallel to the x1-axis; 
3° any other point moves in a plane parallel to the plane x3 = 0. 
In the following we shall restrict ourselves to points not at infinity 
and we shall use concepts of the affine geometry as parallel, etc. We 
define a motion as a transformation T and a normal as a line parallel to 
the invariant Xt-axis. 
Our geometry has the properties of the affine and therefore also of 
the projective geometry. We remark that W. BLASCHKE considers in 
his Differential Geometrie II particularly the affine transformations with 
transformation determinant equal to + 1, so this theory is applicable 
to our geometry. 
§ 3. The metric 
The metric is defined by means of a number of motion invariants, 
namely the determinants 
X a X a x4 xl x2 X a 
x, 
I X3 x,, Y1 Y2 Ya y, 
Ya y, ' Ya Ya 
y, 
Zt za Za z, Za Zs z, ~ ta ts t, 
149 
and their dual transpositions. Here we shall give only the metric definitions, 
needed in the following chapters. As agreed in § 2, x4 = y4 = z4 = t4 = I. 
So we may write the first and the second invariant in the form x3 -y3 and 
I Y2-x2 Ys-Xal· z2-x2 Za-Xs 
If besides x2 = x3 = 0, we get in the last case: 
We introduce the following concepts: 
a. The distance of the ordered pair of points P&x1 , x2, x3) and 
P2(y1, y2, y3) is y3-x3• If this distance is zero for two different points, 
we define y2 - x2 as distance of second order and if this distance is 
zero too, we define y1 -x1 as distance of third order. Analogous definitions 
hold for vectors. 
b. The angle between the ordered pair of vectors(~, l2, la) and (?nt,m2,m3) 
is 
For unit vectors we get: q;=m2-l2• If q; is zero for two different vectors, 
we define 
as angle of second order. If l3 =0 or m3 =0, we say that the angle is 
"infinite". However, if la=m3 =0, we introduce an angle of third order 
c. The angle between the ordered pair of planes x1 + ~2x2 + ~3x3 + ~4x4 = 0 
and x1 + 1JsX2 + 1]3X3 + 1]4X4 = 0 is dual to a and is given by ~2 -172• If this 
angle is zero, we may introduce an angle of higher order as in a. 
II. DIFFERENTIAL GEOMETRY OF A TWISTED CURVE 
§ I. Choise of a parameter 
A curve is defined by the three functions of a parameter t: 
x1 =x1(t) ) • 
x2=x2(t) 
x3 =x3(t) 
These and the following functions too, are supposed to consist and 
to have continuous derivates of sufficiently high order. We suppose that 
the tangent in the considered points of the curve is not parallel to the 
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plane x3 = 0. Then we may take the x3-coordinate as a new parameter 
and we write the curve in the form 
x1 =x1(s) ) 
x2 =x2(s) . 
X3 =8 
In accordance with the introduced metric we call the parameter s 
the length of the curve (measured from the point with s = 0). 
§ 2. Invariants 
For a transformation T (with x4 =1} we have, if we put s+/=8: 
1 
d2 x1 _ d 2 x 1 + d 2 x2 
d§2 - ds2 a ds2 
d2ai2- d2xz 
diP - ds2 
So, if :a= 1 and d;8~2 =1= 0, it follows that for a transformation T with 
transformation of parameter § = s + f 
d2x d ) d;8~1 l 
"(s)= ds22 and T(s) = ds d2x2 
ds 2 
are invariants of the curve. 
The curve is determined but for a motion by given functions "(s) and 
,;(s). For, if 
then 
d2 x 1 ( ) ( ) ( ) dx1 ( ) dx2 ds2 =T1 s" s +c3" s , a:s=T2 s +c3a:s+c4 , 
x1 =T3(s) +c3 x2+c4 s+c6• 
Putting T3(s)=Yv "2(s)=y2, s=y3 , we have 
X1 =Y1 +cax2+c4s+co=Y1 +caY2+ (caCt +c4)Ya+ (cac2+co) ) 
X2= Y2+c1s+c2= Y2+ C1Ya+c2 
x3 = s+c = y3 +c 
This is an arbitrary transformation T of the curve 
which proves the assertion. 
Yt = Ta(s) 
Y2 = "2(s) 
Ya=S 
I5I 
x(s) and -r(s) are called the curvature and the torsion of the curve. 
Remarks: 
a. If x _ 0 the curve is in a plane parallel to the normal direction 
(x1-axis) and conversely. If x=O in a certain point of the curve, the 
osculating plane in this point is parallel to the normal direction and 
conversely. 
b. If -r = 0 the curve is in a plane not parallel to the normal direction 
and conversely. If T= 0 for a certain point of the curve, the osculating 
plane in this point has "four coincidental points" in common with the 
curve and conversely. 
c. It is possible to define the curvature by means of the rate of change 
of the direction of the tangent. Suppose P and Q are the points of the 
curve corresponding with s and s + ~s and suppose the tangent vectors 
in that points are (x~, x~, I) and (x~ + ~x~, x~ + ~x~, I). Then we have, if 
&p is the angle between the vectors: 
li 0(/J li OX~ II m -= m -=x2 =x. 
"•--+O o 8 c!s--+O o 8 
Likewise we can define the torsion -r by means of the rate of change 
of the direction of the osculating plane. If ~"P is the angle between the 
osculating planes in P and Q, we have 
lim Olp = !:_ (X~) = T 
.,,_0 o8 ds x; · 
d. Finally x and -r can be defined directly with use of invariant 
determinants, deduced from the determinants of I, § 3: 
x2 Xs I x2 s I 
X=- x' 2 X~ 0 X~ I 0 = x;, 
x" 2 x; 0 x" 2 0 0 
x1 x2 Xs I x1 x2 s I 
x' X~ X~ 0 X~ X~ I 0 (X~)' 
-r=x-2 1 =x-2 
x" x; x" 0 X~ x; 0 0 II • 1 s x2 
X.," 1 x; XIII s 0 x"' 1 X~ 0 0 
§ 3. The Frenet formulas 
Suppose P is a point of a curve, with x * 0. We consider the three 
vectors in P: 
v1 . . . • (1, 0, 0), in the normal direction; 
v2 •••• t!, 1, 0), in the direction of the intersection of the osculating 
x2 
plane in P and the plane x3 = const. ; 
v3 ...• (x', x', 1), in the direction of the tangent in P. 
The three-leg, formed by these vectors, may be used as coordinate 
three-leg. 
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For these vectors we have the equations: · 
, the Frenet formulas. 
Already without calculation it is clear that v~ = 0 and that v~ is in 
the direction of the x1-axis. Likewise it is clear that v~ is in the direction 
of v2, for v3 has the direction of the tangent and so v~ is in the osculating 
plane, while the third component of v3 equals 1 identically. By;means 
of these properties we may define "' and -r in another manner: 
"'and-rare given by the proportion of v~ and v2, respectively v~ and v1• 
§ 4. Bertrand curves 
A curve 0 is called a Bertrand curve if the v2-vectors of 0 are also v2-
vectors of another curve, 0 1• 
If 0 has the vector equation x=x(s), we may write 01 in the form 
X=x+u(s)v2• 
Now x must be a point of the osculating plane ip. X of the curve 0 1 : 
[-uv x'+uv'+u'v x"+2u'v'+uv"+u"v ]=0 1) 2• 2 2• 2 2 2 ' 
or, according to the Frenet formulas: 
so 
[v2, v3 +-ruv1 +u'v2, "'v2 +2-ru'v1 +-r'uv1 +u"v2]=0, 
(2-ru' +-r'u)[v2, v3 , v1]=0, 
2-ru' +-r'u=O. 
If -r=O, we have two curves in the same plane. If •*0, we have 
u 2 =canst. u = ± 1/~ 
T ' v T 
and 01 is given by 
§ 5. Curves with constant curvature andfor constant torsion 
a. "'=const. 
Taking a suitable set of coordinate axes, the curve is given by 
If "'=0, the curve is in a plane parallel to the normal direction. If "'*0, 
the curve lies on a parabolic cylinder with generators in the normal 
direction. 
1) [a, b, c] means the detenninant of the vectors a, b and c. 
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b. -r = const. 
X~= 7:8X~ +~X~, 
x~ = -r:sx~- -rx2 + c1x~ + c2, 
X:J. = -r:sx2 - 2-r J x2ds + ~x2 + c2s + c3, 
or, by means of a transformation of coordinates: 
x1 = -r:sx2 - 2-r: Jx2ds, 
x2(s) being an arbitrary function of s. 
H -r:= 0, the curve is plane. 
c. x = const., -r = const. 
Taking a suitable set of coordinates, we have: 
a twisted cubic. 
d. Finally we consider: ~=const. 
T 
( 1)2 2 X I 2 I x2 = -x1 + c1 x2 +c2, T 
or, by means of a transformation of coordinates: 
( 1)2 2 X I x2 = -xl. 
T 
III. DIFFERENTIAL GEOMETRY OF SURFACES 
§ l. Choise of parameters 
Suppose a surface is determined by the equations 
X:J. =o=x1(u, v), x2 =x2(u, v), x3 =x3(u, v). 
These and the following functions too, are supposed to consist and to 
have continuous derivates of sufficiently high order. In this chapter we 
consider only non-developable surfaces. 
We introduce new parameters ~. v1, defined in the following way: 
a. ~ =x3(u, v). 
b. As curves v1 = const. we take the curves with the property that 
in any point the direction of the curve is conjugate with the direction in 
that point of the curve ~=const., going through that point. We shall 
determine the parameter along the curves below. We suppose the functional 
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determinant of u1(u, v) and v1(u, v) to be unequal to zero, so we have 
to except ruled surfaces with generators parallel to the plane x3 = 0. 
Omitting the indices of the parameters, we have: 
the direction conjugate to du = 0 being determined by 
X1u X1~ X1u~ 
x:>.u x2~ x:>.u~ du + 
1 0 0 
xlu xb xlw 
x2u x2v x2w dv=O. 
1 0 0 
This must be the direction dv= 0, so 
supposing x~ * 0. (From x~ = 0, it follows that x2=x2(u) =x2(x3), the 
surface would be developable. This is also the case if 1X(v) = const. We 
suppose IX,* 0). 
Taking 1X(V)=ii as a new parameter, we have xt;=iix2ii. From here we 
write the parameter unbarred and we obtain the equations 
(1) 
with conjugate u- and v-curves on the surface. 
§ 2. Invariants 
Performing a transformation of coordinates 
Xl =X1 +ax2+bxs+C ) 
X2 = x2+dx3 +e 
Xs= Xs+f 
X f d <!Xl <lxt + ()x2 ( ) ()x2 <~Xs ()x2 
3 =u+, an ~=liV al)V= v+a liV' ~=l)V· 
Putting u+ f= U, v+a= V, we have: 
X U <IX2 -<-0 <!Xt = y<~X2 
s= ' <IV -r- ' ()V <IV' 
with conjugate U- and V -curves. Thus the chosen set of u- and v-curves 
is independent of the coordinate system and the parameters u and v are 
determined except for additive constants. 
Besides ~:2 we have the invariants 
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for it is easy to verify that 
oX1 ox1 
()2 x2 - ()2x2 d ()2 x2 w ()2 xl - ()2x2 ~ ()2xl 
oU2 - ou2 an oU2 oX2 - oU2 - ou2 ox2 - ou2 . 
oV ~ 
Remark: By mellns of determinants we can write these invariants in 
the form: 
x2 Xa 1 x2 X a 1 
x2,. X a,. 0 
=X2uu' x2,. Xa,. 0 =X2.,, 
x2,.,. Xa,.,. 0 x2, Xav 0 
xi x2 Xa 1 
1 xi,. x2,. X a,. 0 Xl, Xz..u - X2., Xluu xl., 
x2., xi, x2, Xa., 0 x2., = x2,.,. ;- -xi,.,.· 2v 
xi,.,. x2,.,. Xa,.,. 0 
The invariance of these determinants can, with use of a limiting process, 
be deduced from the invariants of I, § 3. 
§ 3. The characteristic function q; 
The deduced invariants now be used to obtain a characteristic function 
of the surface: 
This function has the property that 
are invariants with relation to the transformation of coordinates and 
parameters, given in § 2 of this chapter, while xi= vq;.,- q; and x2 = q;.,. 
The function q; is not invariant itself, but we have: 
(/J= VX2-XI = (v+a)(x2+dx3 +e)- (xi +ax2+bx3 +c) 
= q;+duv+ (ad- b)u+ ev+ (ae-c). 
The surface given, q; is determined but for a linear combination of uv, u, v 
and a constant. 
Conversely, given a function q;(u, v) with q;.,.,¥=0, we may add an 
arbitrary linear combination of uv, u, v and a constant. This function 
determines a surface but for a motion: 
Suppose 
(/J=q;+(Xuv+,Bu+yv+ 15, 
X2 = (/Jv= (/Jv= ffJv+ (XU +y=x2+ (XXa+y, 
XI= V(Jjv- (/J= (v + a)(q;.,+ (XU +r)- (q;+ (XUV + ,Bu +yv+ !5) 
= (vq;v- q;) +aq;v+ ((Xa- ,B)u+ (ya- !5). 
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So we obtain 
Xl =X1 +ax2+ (cx.a-{J)xa+ (ya- ~) l 
X2= x2+ ~Xs+Y 
Xa= Xa+f 
and from this it follows that the surface 
by a motion is transformed into the surface 
Now we have 
X3=U, X2, #0, X~ =VX2,, 
so the conditions (1) of§ 1 hold and the parameter curves are conjugate, 
while cp = vx2 - x1 is the characteristic function of the surface. 
§ 4. The Gauss formulas 
In a point P of a surface we consider the three vectors 
a ...... (1, 0, 0) 
X, ...... (0, 1, 0) 
(/Jw 
, in the normal direction; 
, in the direction of the tangent to the curve 
u=const.; 
xu ...... (vcp.,.,-cp.,, cp.,~, 1}, in the direction of the tangent to the curve 
v=const. 
These vectors may be used as a coordinate three-leg. So any vector 
can be expressed linearly in these vectors. A simple calculation gives: 
Similar we have 
ffJuvfJ ~ , the Gauss formulas. 
rpf)f) 
xf) 
fPvv a+ fPvvv-
rpf)!J 
xfJ 
x., • ., = cp""" a+ fPul1vv- ' etc. cp.,., 
§ 5. Curves on a surface 
On the surface 
~=Vlpfl-cp, X2=cpfl, X3=U 
a-curve is determined by giving v=v(u). 
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For the curvature ~ of this curve we have: 
~ = x2.,.,. + 2 x2.u~ v' + x 2vv v'2 + x~ v" 
= rp'IJUU + 2rp~ V' + rpVVV v'2 + rpVV V" 
As in euclidean space, the curves determined by a relation v=v(u), going 
through the same point and having in that point the same osculating 
plane, have in that point equal values for v' and v", unless the osculating 
plane coincides with the tangent plane (then v' determines an asymptotic 
direction), in which case different values of v" are possible. If this case 
does not occur, all curves on a surface, having in a point the same osculating 
plane, have equal curvature in that point. 
Defining 
(I) ~~ = rp"",. + 2rp~ v' + rpvv., v'2 
we have 
~=~t+rpl, v", 
the M eusnier formula. In this relation ~~ is the· curvature of a curve on 
the surface, going through the considered point P and having in P the 
same direction as the given curve, but now v' is constant. 
Next, we examine u1 for curves through P in a varying direction. If 
we put 
v'=~ andJ~1J=~, 
Ya Ya 
we obtain from (I): 
±I= rp.,.,., Y~ + 2rp.,.,.. Y2 Ya + rp.,..,. y;. 
This equation determines a curve in the tangent plane of P, taking the 
y2- and y3-axis in the direction of the curves u = const. and v = const. 
respectively and taking P as origin. This curve is called the Dupin 
indicatrix in P. The absolute value of~~ in a prescribed direction is found 
by determining the intersection point S of a line in that direction and the 
indicatrix and taking the reciprocal of the square of the y3-coordinate of S. 
The indicatrix may be: 
a. An ellipse. In one direction J~1 J is minimal, namely in the direction 
. corresponding to the maximal value of Jy3 J: 
I' 2 
v' = - ~ 'Pvw and ~~ = 'Pv'IJ'V 'Pwu - 'P~ • 
'P'!!! 'Pvvv 
b. A hyperbola, the y2-direction not being an asymptotic direction, 
together with the conjugate hyperbola. In one direction J~1 J has a relative 
maximum, namely in the direction corresponding to the relative minimum 
of IYaJ: 
2 
v' = _ 'Pvvu and~~= 'Pvvv'Pwu-'Pv'IJU 
'Pv~~ 'P'IJvv 
In the direction of the asymptotes ~~= 0. 
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c. A hyperbola, the y2-direction being an asymptotic direction, together 
with the conjugate hyperbola. l"tl has no maximum, arbitrary large 
values are possible. In the direction of the asymptote which is not in the 
y2-direction, "t = 0. 
d. Two parallel lines, not in the y2-direction. l"tl has no maximum and 
"t = 0 in the direction of the parallel lines. 
e. Two parallel lines, in the y2-direction. "' = q;wu and "t has the same 
values for all directions through P. 
Remark: 
The asymptotic lines (curves with the property that in each point the 
osculating plane coincides with the tangent plane in that point) of the 
surface do not need to go in the direction of the asymptotes of the 
indicatrix. 
(The asymptotic lines are obtained from: 
[x,., Xv, x .... J du2+ [x,., xv, Xw] dv2=0, 
which gives 
({Juu du2- q;vv dv2 = 0 for q;vv =I= 0). 
Finally, we examine the torsion T of the curve, determined by v=v(u). 
T= v' + !:._ ( rpvv v'2- rp,. .. ). 
du " 
For the asymptotic lines we find: 
't'=V' =± 1/rpuu V rpvv 
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